The influences of Casimir and van der Waals forces on the nano-electromechanical systems (NEMS) electrostatic torsional varactor are studied. A one degree of freedom, the torsional angle, is adopted, and the bifurcation behaviour of the NEMS torsional varactor is investigated. There are two bifurcation points, one of which is a Hopf bifurcation point and the other is an unstable saddle point. The phase portraits are also drawn, in which periodic orbits are around the Hopf bifurcation point, but the periodic orbit will break into a homoclinic orbit when meeting the unstable saddle point.
Introduction
It has been recognized recently that vacuum-induced forces play considerable roles in micro-, nano-and quantumelectromechanical systems (MEMS, NEMS and QEMS) with typical sizes in the micrometre range or below [1] [2] [3] [4] [5] [6] . Actuation, pull-in and stiction/adhesion are the three major concerns for the application of Casimir and van der Waals (vdW) forces in MEMS or NEMS .
It is well known that both vdW and Casimir forces are connected with the existence of zero-point vacuum oscillations of the electromagnetic field [22] . For closely spaced macroscopic bodies, the virtual photon emitted by an atom of one body reaches an atom of the second body during its lifetime. The nonretarded vdW force arises from the correlated oscillations of the instantaneously induced dipole moments of those atoms. The Casimir force, also known as the retarded vdW force, arises when the distance between the two bodies is so large that the virtual photons emitted by an atom of one body cannot reach the second body during its lifetime. This retardation effect due to the finite speed of light causes the scaling behaviour of the dispersion force to change from 1/(distance) 3 for the vdW force to 1/(distance) 4 for the 3 Author to whom any correspondence should be addressed.
Casimir force. Further discussion on the relation between these two forces is referred to in [20] . The vdW and Casimir forces are electromagnetic in nature, and they modify bulk properties such as surface tension and capillary effects. There are some practical challenges for the measurement of the Casimir force, namely, the thermal effect and the surface properties including surface roughness, dielectric properties and finite conductivity of metal surfaces, etc. A general form of the Casimir force has been suggested for different modifications of the material type, temperature and geometry [23] :
where
is the Casimir force between ideal metallic and parallel flat surfaces of area A and distance H at zero temperature withh being Planck's constant divided by 2π and c being the speed of light, η m < 1 is the material-dependent factor accounting for the finite conductivity of the plates, η T > 1 is the temperaturedependent factor and there is a crossover to a regime with thermal fluctuation becoming relevant for distances H around the de Broglie wavelength of photons
at T = 300 K with k B being the Boltzmann constant, η g is the geometry-dependent factor accounting for the geometries different from planar parallel plates and corr is the term accounting for the correlations between different modifications. If the distance satisfies H c/ω 0 [24] , where ω 0 is the smallest resonance (absorption) frequency of the dielectric and usually c/ω 0 ≈ 5-100 nm, the attractive force between the two plates is the nonretarded vdW force
Recently, a MEMS varactor using torsional beams for actuation has been proposed [25] ; it has been demonstrated by [25] that the proposed varactor outperforms the other structures in terms of a wide dynamic range and a lower actuation voltage. It is easy to imagine that when the MEMS torsional varactor is miniaturized to a NEMS torsional varactor, the dispersion forces should be considered for actuation and pull-in behaviours when the gap is less than the de Broglie wavelength of photons at room temperature in equation (3) . To gain a better understanding of the mechanical behaviour of NEMS varactors, the present paper analysed the influences of both Casimir and van der Waals forces on the pull-in stability of NEMS torsional varactors.
Influence of Casimir force

Mechanical model
For simplicity and without loss of generality, we discuss the torsional varactor shown in figure 1. There is only one degree of freedom, the torsional angle, θ. The restoring torque, M res (θ), varies linearly with the torsional angle, that is,
where k is the effective spring stiffness [26] . Using the same method as [10] , the electrostatic torque is
where w is the width of the beam, L is the length of the beam, g is the initial gap distance when the upper beam is parallel to the ground plane, ε 0 is the dielectric constant and V is the applied voltage. Now, we compute the Casimir torque in the torsional varactor. Using the same result in [12] , we get the Casimir differential force
Then the corresponding torque of the Casimir force is
The direction of both the electrostatic and Casimir torques are contrary to that of the restoring torque shown in figure 1 . Thus, we obtain the equation of motion as follows:
that is,
where I 0 is the moment of inertia. We introduce six dimensionless variables:
the dimensionless length; (c) τ = t/t 0 , the dimensionless time and t 0 being the characteristic time;
), the order of magnitude of the ratio between the inertia moment and the restoring torque;
, the order of magnitude of the ratio between the electrostatic and the restoring torques;
, the order of magnitude of the ratio between the Casimir and the restoring torques.
Then we transform the above equation into a dimensionless form:
According to the definition of these parameters, physically meaningful solutions exist in the region 0 < α < 1.
Pull-in parameters
Setting zero the left-hand side of equation (10), we have an equivalent equation as
By the critical condition ∂f (α)/∂α = 0 [27], we get
The equilibrium is stable provided ∂f (α)/∂α < 0. The structures will be instable or collapse onto the ground plate as ∂f (α)/∂α > 0.
Comparing equations (11) and (12), and eliminating a, we obtain the nonlinear equation about the pull-in angle α PI as Substituting α PI into equation (11), we get
where the pull-in parameter
is related to the pull-in voltage V PI . Thus, we discuss the pull-in parameter a PI instead of the pull-in voltage V PI in this paper.
According to equation (13), we first plot the variation of the pull-in angle with parameter b in figure 2. The corresponding variation of the pull-in parameter a PI with parameter b is shown in figure 3 according to equation (14) . In these two figures, we should notice two special points which are plotted by '•' and ' * ', respectively. The point '•' with the Casimir force corresponds to (b 0 , α 0 ) = (0, 0.4404) in figure 2 and to (b 0 , a 0 ) = (0, 0.4137) in figure 3 . This implies that there is no effect of the Casimir force on the varactor. In the presence of the Casimir torque, the pull-in angle α PI and pull-in parameter a PI decrease. At the other special point ' * ' with the Casimir force, it corresponds to (b * , α * ) = (0.0385, 0.2679) in figure 2 and to (b * , a * ) = (0.0385, 0) in figure 3 . That is, a will be negative when b > b * . It implies the varactor will lose its stability even though there is no voltage applied at the torsional varactor.
Dynamical behaviour
The dynamical behaviour of equation (10) will be discussed in this section. Setting β =α, equation (10) can be transformed into the following form:
The equilibrium points can be obtained by setting zero the left-hand sides of equation (15) . The second equation of equilibrium points is equivalent to equation (11) , which has two parameters a and b. Equation (11) can be solved numerically for α as a function of a and b. We plot the variation of α with parameter a for different values of parameter b; the solution is shown in figure 4 . Since a = ε 0 wL 3 V 2 /(2kg 3 ) is nonnegative, then the solution is physically meaningful when the solution curves are on the right of a = 0. So from this figure, we notice that equation (15) has one or two equilibrium points for a 0 just when 0 < b < b * , otherwise there is no equilibrium point.
In order to check the stability of the equilibrium points, we need the Jacobian matrix of equation (15) as follows:
We first discuss the stability of the equilibrium points with the given parameters a = 0 and b < b * . According to figure 4, there are two equilibrium points (α 1 , 0) and (α 2 , 0) which satisfy the inequality α 1 < α * < α 2 . First, we consider the equilibrium point stability of the special state that there is no electrostatic torque on the upper torsional beam. Then substituting a = 0, b < b * and α = α 1 into equation (16), we get
Since b < b * and α 1 < α * , it follows that the corresponding eigenvalue equation of the Jacobian matrix has two pure imaginary roots, which means the equilibrium point (α 1 , 0) is a Hopf bifurcation point. According to the property of the Hopf bifurcation point, this point is an equilibrium point. This means the restoring torque is equal to the Casimir torque, and the varactor keeps a balance state. When we add a small perturbation on the upper beam, then it will periodically oscillate around the equilibrium point. Subsequently, we take a = 0, b < b * and α = α 2 > α * in equation (16) and solve its eigenvalue equation, and it has two real roots, of which one is positive and the other is negative. This means that the equilibrium point (α 2 , 0) is an unstable saddle point. This means that the restoring torque still equals the Casimir torque; that is, the torsional varactor keeps the balance at the second state with the same a and b. However, when we add a small perturbation on the upper beam, it will reach the other equilibrium point (Hopf bifurcation point) or collapse onto the ground plate. This equilibrium state is unstable by definition.
Second, applying the same method to discuss the stability of the two solutions with any given different a and b, we can plot the bifurcation diagram as in figure 5 . In figure 5 , all the points of the real line (lower branch) represent the Hopf bifurcation point, and all the points of the dashed line (upper branch) are the unstable saddle point; the upper beam is unstable.
By the property of the Hopf bifurcation point and the unstable saddle point, there exist periodic orbits around the Hopf bifurcation point, but the periodic orbit will break into a homoclinic orbit meeting the unstable saddle point. In order to see the movement process of the equilibrium points, we can draw the phase portraits for different parameters b and for given a = 0 as shown in figure 6 , from which, when b is equal to 0.01, 0.02 or 0.03, there are two equilibrium points, one is the Hopf bifurcation point (marked by '·') and the other is the unstable saddle point (marked by '×'). In the same manner, there is a homoclinic orbit passing through the unstable saddle point. We also note that the Hopf bifurcation point and the unstable saddle point move to the point ' * ' from the opposite direction with b increasing. This point happens to be the pull-in point (α * , dα * /dt) = (0.2679, 0) with the pull-in parameter b * = 0.0385. At this critical condition, the pull-in phenomenon occurs; then we can find that the reason for structure invalidation is that the original two equilibrium points become one with the change in parameters.
Influence of van der Waals force
Mechanical model
Consider the same varactor shown in figure 1. When we consider the influence of the vdW force, there are still three forces in total, i.e. the restoring torque M res (θ ), the electrostatic torque M elec (θ ) and the vdW torque M vdW (θ ). The expression for the former two torques is the same as in section 2.1. Using the same method to compute the Casimir torque, we can get the vdW torque as follows:
We introduce six dimensionless variables; five of them are the same as in section 2.1, i.
, and the new one b = AwL 3 /(12kπg 4 ) denotes the order of magnitude of ratio between the vdW and the restoring torques. Thus, the dimensionless form of the equation of motion
The solutions are physically meaningful in the region 0 < α < 1.
Pull-in parameters and dynamical behaviour
The equivalent equation g(α, a, b) = 0 will be discussed in this section by setting zero the left-hand side of equation (19) . Using the critical condition ∂g(α)/∂α = 0 [27] , we obtain the nonlinear equation for the pull-in angle α PI as
and the pull-in parameter a PI = ε 0 wLV
According to equations (21) and (22) figure 3 . This implies that there is no effect of the vdW force on the varactor. The point ' * ' with the vdW torque corresponds to (b * , α * ) = (4/27, 1/3) in figure 2 and to (b * , a * ) = (4/27, 0) in figure 3. As in section 2.3, we transform equation (19) into the following form:
to discuss the dynamical behaviour with the vdW torque. This part of the discussion is quite similar to section 2.3, and we have the same kind of results. The dynamical system (23) has two equilibrium points, one of which is the Hopf bifurcation point and the other is the unstable saddle point. There are periodic orbits around the Hopf bifurcation point but they will break into a homoclinic orbit when meeting the unstable saddle point.
Conclusions
The influence of the Casimir and vdW forces on the nonlinear behaviour of the electrostatic torsional varactor is presented. First, we study the variation of pull-in parameters α PI and a PI with parameter b and get two special points in figures 2 and 3 with the Casimir torque and the vdW torque, respectively. The first special point shows that there is no effect of the Casimir force or the vdW force on the varactor. The second point shows that the varactor will lose its stability even though there is no voltage applied at the torsional varactor. With the appearance of the Casimir torque and the vdW torque, the pull-in parameters α PI and a PI all decrease. However, the corresponding critical parameter b * is different; b * = 0.0385 with the Casimir torque and b * = 4/27 with the vdW torque. It means that the influence of the Casimir torque is stronger than that of the vdW torque for the same torsional varactor with the same geometry parameters. This result is consistent with [10] .
Second, considering a and b as two parameters, we study the equilibrium points and their corresponding stability. No solution exists satisfying a 0 in 0 < α < 1 when b b * . There are two equilibrium points for any a 0 when b < b * , of which one equilibrium point is a Hopf bifurcation point and the other is an unstable saddle point. There are periodic orbits around the Hopf bifurcation point and a homoclinic orbit passing through the unstable saddle point.
It should be noted that this paper only considered the ideal case for the Casimir force. Other influences such as materials, temperature and geometry can be introduced by equation (1) [23] .
